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Abstract This paper is dealing with two L? hypocoercivity methods based on Fourier
decomposition and mode-by-mode estimates, with applications to rates of conver-
gence or decay in kinetic equations on the torus and on the whole Euclidean space.
The main idea is to perturb the standard L? norm by a twist obtained either by a
nonlocal perturbation build upon diffusive macroscopic dynamics, or by a change
of the scalar product based on Lyapunov matrix inequalities. We explore various
estimates for equations involving a Fokker—Planck and a linear relaxation operator.
We review existing results in simple cases and focus on the accuracy of the estimates
of the rates. The two methods are compared in the case of the Goldstein—Taylor
model in one-dimension.
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Introduction

We consider dynamical systems involving a degenerate dissipative operator and a
conservative operator, such that the combination of both operators implies the con-
vergence to a uniquely determined equilibrium state. In the typical case encountered
in kinetic theory, the dissipative part is not coercive and has a kernel which is un-
stable under the action of the conservative part. Such dynamical systems are called
hypocoercive according to [33]. We are interested in the decay rate of a natural dissi-
pated functional, the entropy, in spite of the indefiniteness of the entropy dissipation
term. In a linear setting, the functional typically is quadratic and can be interpreted
as the square of a Hilbert space norm. Classical examples are evolutions of proba-
bility densities for Markov processes with positive equilibria. Over the last 15 years,
various hypocoercivity methods have been developed, which rely either on Fisher
type functionals (the H' approach) or on entropies which are built upon weighted L2
norms, or even weaker norms as in [?]. In the L? approach, it is very natural to intro-
duce spectral decompositions and handle the free transport operator, for instance in
Fourier variables, as a simple multiplicative operator. In the appropriate functional
setting, the problem is then reduced to the study of a system of ODEs, which might
be finite or infinite. This is the point of view that we adopt here, with the purpose of
comparing several methods and benchmarking them on some simple examples.

Decay rates are usually obtained by adding a twist to the entropy or squared Hilbert
space norm. In hyperbolic systems with dissipation, early attempts can be traced back
to the work of Kawashima and Shizuta [31, 26], where the twist is defined in terms of a
compensating function. The similarities between hypocoercivity and hypoellipticity
are not only motivated the creation of the latter terminology, as explained in [33], but
also serve as a guideline for proofs of hypocoercivity [24, 27, 33] and in particular
for the construction of the twist. Here we shall focus on two approaches to L2-hypo-
coercivity.
> In [19, 20], an abstract method motivated by [24] and by the compensating
function approach has been formulated, which provides constructive hypocoercivity
estimates. The twist is built upon a non-local term associated with the spectral gap
of the diffusion operator obtained in the diffusion limit and controls the relaxation
of the macroscopic part in the limiting diffusion equation, that is, the projection of
the distribution function on the orthogonal of the kernel of the dissipative part of the
evolution operator. The motivating applications are kinetic transport models with
diffusive macroscopic dynamics, see, e.g., [18, 17, 23, 29, 5, 21], where the results
yield decay estimates in an L? setting.
> The goal of the second approach is to find sharp decay estimates in special
situations, where sufficient explicit information about the dynamics is available.
Examples are ODE systems [ 1] as well as problems where a spectral decomposition
into ODE problems exists [10, 9, 12, 7]. In these situations, sharp decay estimates
can be derived by employing Lyapunov matrix inequalities.

In the standard definitions of hypocoercivity, a spectral gap and an exponential
decay to equilibrium are required. This, however, can be expected only in sufficiently
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confined situations, i.e., in bounded domains or for sufficiently strong confining
forces. Problems without or with too weak confinement have been treated either
by regaining spectral gaps pointwise in frequency after Fourier transformation as
in [15, 32] or by employing specially adapted functional inequalities in [15, 16, 14],
with the Nash inequality [28] as the most prominent example.

The aim of this work is to present a review and a comparison of the two approaches
mentioned above, executed for both confined and unconfined situations, where for
the former a periodic setting is chosen, such that the Fourier decomposition method
can be used in all cases. A special emphasis is put on optimizing the procedures
with the ultimate goal of proving sharp decay rates. Attention is restricted to abstract
linear hyperbolic systems with linear relaxation, where ’abstract’ means that infinite
systems such as kinetic transport equations are allowed. Note that in the finite
dimensional case, the setting is as in [32].

In Part I of this work, both methods are presented in an abstract framework.
Concerning the method of [20, 15], the setting is abstract linear ODEs, where
the dynamics is driven by the sum of a dissipative and a conservative operator
such that the dissipation rate is indefinite, but the conservative operator provides
enough mixing to create hypocoercivity. Then the approach based on Lyapunov
matrix inequalities is discussed at the hand of hyperbolic systems with relaxation.
By Fourier decomposition the problem is reduced to ODE systems and Lyapunov
functionals with optimal decay rates are built. The results of this section can be seen
as a sharpening of the abstract decay estimates in [32].

Part II is concerned with sharpening the approach of [20, 15] applied to linear
kinetic equations with centered Maxwellian equilibria (for sake of simplicity). It
contains results on the optimal choice of parameters in the abstract setting, on
the mode-by-mode application of the method after Fourier transformation, on the
convergence of an optimized rate estimate to the sharp rate in the macroscopic
diffusion limit and, finally, on the derivation of global convergence or decay rates
for the cases of small tori and of the Euclidean space without confinement.

Part III is devoted to a comparison of both approaches for a particular example,
the Goldstein—Taylor model with constant exchange rate, a hyperbolic system of two
equations with an exchange term in one space dimension, which can be interpreted
as a discrete velocity model with two velocities. It has already been used as a model
problem in [20], and the sharp decay rate on the one-dimensional torus has been
derived by the Lyapunov matrix inequality approach in [9]. The challenging problem
of finding the sharp decay rate for a position dependent exchange rate has been treated
in [13, ?]. It is shown that the mode-by-mode Lyapunov functionals derived by both
methods, the Lyapunov matrix inequality approach and the modal optimization of
the abstract framework outlined in Part II, coincide for the Goldstein—Taylor model.
On the torus the mode-by-mode Lyapunov functionals can be combined into a global
Lyapunov functional which provides the sharp decay rate (see Theorem 5). On the
real line, the modal results combine into a global estimate with sharp algebraic
decay rate. Due to the presence of a defective eigenvalue in the modal equations,
the standard approach requires modifications to obtain reasonable multiplicative
constants.
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Part I. Review of two hypocoercivity methods

We consider the abstract evolution equation

dF
— +TF=LF, >0, 1
i > e

with initial datum F(t = 0,-) = Fy. Applied to kinetic equations, T and L are
respectively the transport and the collision operators, but the abstract result of
this section is not restricted to such operators. We shall assume that T and L are
respectively anti-Hermitian and Hermitian operators defined on a complex Hilbert
space (H, (-, -)) with corresponding norm denoted by || - ||.

I.1 An abstract hypocoercivity result based on a twisted L2 norm

Let us start by recalling the basic method of [20]. This technique is inspired by
diffusion limits and we invite the reader to consider [20] for detailed motivations.
We define

A= (Id + (TH)*TH)_I (TI)* )

where * denotes the adjoint with respect to (-, -) and IT is the orthogonal projection
onto the null space of L. We assume that positive constants A,,, s, and Cyps exist,
such that, for any F € H, the following properties hold:

> microscopic coercivity

—(LF,F) 2 A, |(1d - ID)F|1?, (HI)
> macroscopic coercivity
ITIFI > Ay |TIFP, (H2)
> parabolic macroscopic dynamics
T F =0, (H3)
> bounded auxiliary operators
||[AT(Id — IT)F|| + ||ALF|| < Cp ||(Id = ID) F|] . (H4)

A simple computation shows that a solution F of (1) is such that
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L4y p12 = (LF Fy < - 4, [1(1d — IDFJP
2 dt B s )

We assume that (1) has, up to normalization, a unique steady state F,. By linearity,

we can replace Fy by Fy — (Fy, Foo) Foo or simply Fy — Fo, with F, appropriately

normalized. With no loss of generality, we can therefore assume that F, = 0. This is

however not enough to conclude that ||F(z, -)||> decays exponentially with respect to

t > 0. As in the hypocoercivity method introduced in [20] for real valued operators

and extended in [15] to complex Hilbert spaces, we consider the Lyapunov functional
1

Hi[F] = 3 |F||I> + 6 Re(AF, F) 3)

for some & > 0 to be determined later. If F solves (1), then

— 4 [F] = D[F] := — (LF, F) + 6 (ATIIF, F)

—O6Re(TAF,F) + 6 Re(AT(Id = II)F, F) — 6 Re(ALF, F) .
4
The following result has been established in [20, 15].

Theorem 1 Let L and T be closed linear operators in the complex Hilbert space
(7‘(, (-, -)). We assume that L is Hermitian and T is anti-Hermitian, and that (H1)—
(H4) hold for some positive constants A,,, Ap, and Cpy. Then for some 6 > 0, there
exists A > 0 and C > 1 such that, if F solves (1) with initial datum Fy € H, then

HilF(t, )] <Hi[Fole™®" and ||F(t,)*> < Ce™ ' ||Fol> Ve=0. (5

Here we assume that the unique steady state is F, = 0 otherwise we have to replace
F(t,-) by F(t,-) — F and Fyy by Fy — Fw in (5). The strategy of [20], later extended
in [15], is to prove that for any ¢ > 0 small enough, we have

AH[F] < D[F] (6)

for some A > 0, and
c_|IFI> < H([F] < ey ||F| )

for some constants ¢_ and ¢, such that 0 < ¢_ < 1/2 < c¢;. As a consequence,
if c- > 0, we obtain the estimate C < c,/c-. We learn from [15, Proposition 4]
that Theorem 1 holds with c. = (1 £ 6)/2,

Am

1
=————mi —Am A = — mi —AmAm
A= 30+ 10 mln{l,/lm, (1+/lm)C§4} and o 3 mm{l,/lm, (1+/1M)C12\4} . (®

Our primary goal of Part II is to obtain sharper estimates of A, c. and C for an
appropriate choice of ¢ in specific cases. Notice that it is convenient to work in an
Hilbert space framework because this allows us to use Fourier transforms.
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I.2 An abstract hypocoercivity result based on Lyapunov matrix
inequalities

Here we review our second hypocoercivity method, as developed on various examples
in [10, 2, 3], before comparing it with the method of § I.1.

As in § 1.1, without loss of generality we assume that (1) has the unique steady
state F., = 0. We are interested in explicit decay rates for || F (¢, -)||> — O ast — +co.
To fix the ideas we start with some prototypical examples:

. Although almost trivial, the stable ODEs with constant-in-z coefficients

dF

p7i CF )
is at the core of the method. Here F(7) € C", T := Cag € C™" is an anti-Hermitian
matrix, and L := — Cy € C'"™" is a Hermitian negative semi-definite matrix, where
Capg and Cy denote the anti-Hermitian and Hermitian parts of C = Cay + Cp.
Several other examples will be reduced to (9), mostly via Fourier transformation
in x. We shall use the same index notation (‘AH’ and ‘H’) for matrix B in Example 4
and matrix C in Example 5. The hypocoercivity structure of (9) is discussed in [1].

. Discrete velocity BGK models, i.e. transport-relaxation equations (see § 2.1 and § 4.1
in [2]) can be written in the form of (1) where F(r,x) = (fi(z,x), ...,fn(t,x))T,
x € X Cc R, T :=V , with the diagonal matrix V € R™" representing the velocities,
and the collision operator L := ¢~ B with o= > 0. Here, the matrix B € R™" is in
BGK form

by

B=|:|ed,...,1)-1d
bn

with b = (by,...,b,)" € (0,1)" such that Z’}:l bj =1, and Id denotes the identity
matrix. The collision operator L is symmetric on the velocity-weighted L2-space
H =L*(X x{l,...,n}; {bJ‘.l}). Due to this structure, B has a simple eigenvalue
0 with corresponding left eigenvector /; = (1,...,1) associated with the mass
conservation of the system. The corresponding right eigenvector b spans the local-
in-x steady states, which are of the form p(x) b for some arbitrary scalar function
p(x). The case with only two velocities, or Goldstein—Taylor model, is dealt with in
Part I11.

. A linear kinetic BGK model is analyzed in [2], where F = f(t,x,v) €e R, x € T
(the 1-dimensional torus of length 27), and v € R. The kinetic transport operator
is T := vdy, and the BGK operator Lf := Mg(v) fRfdv — f is symmetric in
the weighted space H = L?(T x R; dx dv /(2 My(v))), where Mg (v) denotes the
centered Maxwellian with variance (or temperature) 3. The kernel of L is spanned by
Mg (v), which is also the global steady state F,(v), due to the setting on the torus.
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. The (degenerate) reaction-diffusion systems of [22] can also be written as in (1), with
F(t,x) = (f] (t,x), ...,fn(t,x))T, T:=—-Bag,L:=DA+By.Here,0< D € R
is a diagonal matrix, B € R™" is an essentially non-negative matrix, i.e., b; =0
for any i # j, and b;; = — Z#J- bij, and Bsg and B are its anti-symmetric and
symmetric parts.

. As a final example, let us mention (possibly degenerate) Fokker—Planck equations
with linear-in-x drift for F = f(¢,x), x € R4. After normalization (in the sense
of [12]), they can be identified with (1), where Tf := —div(few Can V(f/fx))s
Lf :=div(fio Cr V(f/fw)), with a positive stable drift matrix C € R%*¢ such that
Cy 2 0,and fo = (27)~4/> exp (- [x|?/2) is the unique normalized steady state. As
shown in [12], these Fokker—Planck equations are equivalent to (9) and tensorized
versions of it.

In the articles cited above for Examples 1-3, an L2-based hypocoercive entropy
method has been used to derive sharp decay estimates for the solution F () towards
its steady state F,, and the same strategy can also be applied to Example 4. In [10]
an H'-based hypocoercive entropy method was developed for the Fokker—Planck
equations in Example 5. But in view of its subspace decomposition given in [12], an
L2-analysis is also feasible.

In our second hypocoercive entropy method, we construct a problem adapted
Lypunov functional that is able to reveal the sharp decay behavior as t — +co.
We shall illustrate this strategy for Examples 2 and 3, where the anti-Hermitian
operator T is either Vd, (for discrete velocities) or v d, (for continuous velocities).
In order to establish the mode-by-mode hypocoercivity, we Fourier transform (1)
w.rt. x € X, with either X = T! =: T or X = R<. In the torus case, we assume
d =1 for simplicity, but the method extends to higher dimensions (see [3]). With the
abuse of notations of keeping F for the distribution function written in the variables
(1,&,v), this yields

dF )

E:—szF+LF=:—C(§)F, (10)
with a discrete modal variable £ € Z for the torus and & € R? in the whole space
case. In (10), V is a diagonal matrix for Example 2, and for Example 3 it either
represents the multiplication operator by v or, when using a basis in the v-variable,
a symmetric, real-valued “infinite matrix” (cf. [2, § 4]).

For each fixed mode &, (10) is now an ODE with constant coefficients (of dimen-
sion n < co for Example 2, and infinite dimensional for Example 3). For finite n, we
define the modal spectral gap of C (&) as

= i Re(1;). 11
u(é) Oﬂjergl(nc(f)) e(4;) (11)

If no eigenvalue of C(¢) with Re(4;) = u(&) is defective (i.e., all eigenvalues have
matching algebraic and geometric multiplicities), see e.g. [25], then the exponential
decay of ||F(z, &) ||> with the sharp rate 2 u(¢) is shown using a Lyapunov functional



10 Contents

obtained as a twisted Euclidean norm on C". To this end we use the following
algebraic result.

Lemma 1 ([2, Lemma 2]) For a given matrix C € C'™", let u be defined as in (11).
Assume that 0 ¢ o (C) and that C has no defective eigenvalues with Re(4;) = u.
Then there exists a positive definite Hermitian matrix P € C"™" such that

C*P+PC>2uP. (12)

Moreover, if all eigenvalues of C are non-defective, any matrix
n
P:qu®@ (13)
J=1

satisfies (12), where w; € C" denote the normalized (right) eigenvectors of C* and,
forall j =1,...,n, the coefficient cj € (0,+0c0) is an arbitrary weight.

For the extension of this lemma to the case 0 € o(C) we refer to [2, Lemma 3],
but, anyhow, this is typically relevant only for & = 0. The more technical case
when C has defective eigenvalues was analyzed in [10, Lemma 4.3(i)]. In the case
n = oo (occuring in the kinetic BGK models of Example 3), the eigenfunction
construction of the operator (or “infinite matrix”) P via (13) is, in general, not
feasible. A systematic construction of approximate matrices P with a suboptimal
value compared with u in (12) was presented in [2, § 4.3-4.4] and [3, § 2.3].

Using the deformation matrix P, we define the “twisted Euclidean norm” in C" as

IF|3 = (F,PF),
which is equivalent to the Euclidean norm || - || through the estimate
AT NFIP < IIFIG < a7 IFIP, (14)

where /111D and A7 are the smallest and largest eigenvalues of P, respectively. From (9)
and (12) follows that

SFI =~ (£, (C'P+ POF) < =24 IIFIfs.
This shows that solutions to (9) satisfy
IF®Ip < e |[Follp Vi=0,
and hence in the Euclidean norm:
|F(1)]I* < cond(P) e 2#" |Fpl*> Vi20, (15)

where cond(P) := AF //lf denotes the condition number of P. We recall from [4]
that cond(P) is in general not the minimal multiplicative constant for (15). In fact, in
general it is impossible to obtain that optimal constant from a Lyapunov functional,
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even for n = 2, see [4, Theorem 4.1]. We also remark that the matrix P from (13) is
not uniquely determined (even beyond trivial multiples). As a consequence, cond(P)
may be different for different admissible choices of P. For an example with n = 3,
we refer to [4, § 3].

Analogous decay estimates hold for solutions F(z, &) to the modal ODEs (10),
and they involve the deformation matrices P(¢) and the modal spectral gaps u(£):

IF (1 )by < €O NFE)pe) Y120 (16)

This motivates the definition of a modal-based Lyapunov functional by assembling
the modal functionals. We present two variants of this approach.

Strategy 1. We consider the global Lyapunov functional

Ho[F]i= D IF(E)I3 ) a7

£€Z

which is written here for the case of discrete modes, i.e., X = T.

We recall that the matrix P(¢£) is not unique. In the kinetic BGK examples
studied so far (cf. [2, 3]) it was convenient to choose P depending continuously
on & (for &£ € RY) and such that P(£) — Id as |¢] — +oo. For kinetic equations
with a local-in-x dissipative operator L, the matrix C (&) has the form given in (10).
Under the assumption of a uniform spectral gap u := infz u(€) > 0, the form
P(¢) =1d+ O (1/|€]) is very natural (see PV (&) in (54) for an example) in view of
the matrix inequality (12).

The modal decay (16) implies the following decay estimate for the solution to (1):

Hy[F(1)] < e 2A'Hy[Fy] Vit >0, forany Fy L Fo.
Using Parseval’s identity and the norm equivalence from (14), this yields
IF@)I? < épe P |Fol> V>0, forany Fy L Fo, (18)

where ¢p := sup, cond(P(§)).

Strategy 2. If all modes ¢ have the same spectral gap u(¢), then the estimate (18)
clearly yields the minimal multiplicative constant ¢ p (obtainable by Lyapunov meth-
ods). This is the case when the relaxation rate o < 2 in the Goldstein—Taylor model,
which is studied in [7] and in Part III below. But faster decaying modes may have a
“too large” condition number cond(P(¢)), as it is the case for o= > 2 in [7]. Then,
the matrices P(¢) from (12) have to be modified in order to reduce cond(P(¢£)) by
lowering u = u(¢) in (12). For simplicity we detail this strategy only for the case
that the infimum f is actually attained. Main steps are:

e Let B := {& : u(¢) = f} be the set of the modes with slowest decay. Set cz :=
sup ez cond(P(§)), i.e. the worst common multiplicative constant for these slow
modes.

* For all modes ¢ ¢ E, we distinguish several cases:
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— If cond(P(¢)) < cz, set P(¢) = P(¢).
— If cond(P(¢)) > cz, then replace P(¢) by P(£) € C™", which is a positive
definite Hermitian solution to the matrix inequality

CE)'P+PC(&) >24P.

In particular, P should be either chosen as any such solution that satisfies
cond(P(¢)) < cg or, if this is impossible, then by a solution P having the
least condition number.

* Let &g := sup 4z cond (P(£)) be the best multiplicative constant for the faster
modes.

e Set ¢p := max{cg, ¢z}. With this construction we define a second, refined
Lyapunov functional (again written for the case X = T) by

FolF1i= D IF @I+ D IFOIG - (19)

+
£eB £eBe
where B¢ :=Z \ E.
This yields the improved decay estimate (w.r.t. the multiplicative constant):
|F()|> < épe A |Fl> Vi>0, forany Fy L Fo. (20)

Note that, by construction, ¢p < ¢p. Altogether, our estimates on a solution to the
evolution equation (1) rewritten as (10) in Fourier variables can be summarized into
the following result.

Proposition 1 On T, let us consider an operator C such that, in Fourier variables,
C (&) takes values in C™" for any & € Z. Assume the existence of a uniform spectral
gap p = infgez u(€) > 0 where p(¢) is defined by (11).

a) If the corresponding modal deformation matrices P(&) satisfy Cp < oo, then the
solutions of (1) satisfy the decay estimate (18).

b) If the modified deformation matrices P(&) satisfy ép < oo, then the solutions
of (1) satisfy the decay estimate (20).

The above procedure was applied in [7] to the Goldstein—Taylor model, and in [2] to
Examples 2-3, considered on T.

The hypocoercivity results based on the Lyapunov matrix inequalities (12) and
mode-by-mode estimates as in (16) have the advantage that, in simple cases, it is
possible to identify the optimal decay rates. They are less flexible than the hypoco-
ercivity results based on the twisted L? norm inspired by diffusion limits of § I.1.
Our purpose of Part I11 is to detail several variants of these methods in simple cases,
draw a few consequences and compare the estimates of the two methods.
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Part II. Optimization of twisted L> norms

This part is devoted to accurate hypocoercivity estimates in Fourier variables
based on our first abstract method, for two simple kinetic equations with Gaussian
local equilibria. It is a refined version of the paper [15] devoted to a larger class
of equilibria, but to the price of weaker bounds. Here we underline some key ideas
of mode-by-mode hypocoercivity and perform more accurate and explicit compu-
tations. New estimates are obtained, which numerically improve upon known ones.
Rates and constants are discussed and numerically illustrated, with the purpose of es-
tablishing benchmarks for the L2-hypocoercivity theory based upon a twist inspired
by diffusion limits. Exponential rates are obtained on the torus, with a discussion on
high frequency estimates. On the whole space case, low frequencies are involved in
the computation of the asymptotic decay rates. We also detail how spectral estimates
of the mode-by-mode L? hypocoercivity method can be systematically turned into
rates of decay using the ideas of the original proof of Nash’s inequality.

II.1 A detailed mode-by-mode approach
II.1.1 Introduction

We consider the Cauchy problem

atf tv- fo = Lf’ f(O,)C, V) = fO(X’V) B (21)

for a distribution function f(z,x,v), where x € R4 denotes the position variable,
v € R is the velocity variable, and ¢ > 0 is the time. Concerning the collision
operator, L denotes the Fokker—Planck operator L or, as in [19], the linear BGK
operator L, which are defined respectively by

Lif =Af+V,-(vf) and Lyf:=psr M-f.

Here M is the normalized Gaussian function

and py := fRd f dv is the spatial density. Notice that M spans the kernel of L. We
introduce the weight
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dy :=vy(v)dv where vy := M

and the weighted norm

2 . 2
LI gy = //X Py,

where X denotes either the cube [0, L) with periodic boundary conditions or
X = R4, that is, the whole Euclidean space.
Let us consider the Fourier transform of f in x defined by

f(t,f,v) =Le_ix'§ f(t,x,v)dx, (22)

where either X = [0, L)? (with periodic boundary conditions), or X = R?. We
denote by ¢ € (2r/L)?Z? c R? or ¢ € R? the Fourier variable. Details will be
given in § I1.1.3. Next, we rewrite Equation (21) for F' = f as

HF+TF=LF, F(0,&,v)=fo(&,v), TF=i(v-&F. (23)

Here we abusively use the same notation T for the transport operator in the original
variables and after the Fourier transform, where it is a simple multiplication operator.
We shall also consider £ as a given, fixed parameter and omit it whenever possible,
so that we shall write that F is a function of (z,v), for sake of simplicity. Let us
define

H=17(dy) . ||F||2=/Rd|F|2dy, HF=M/Rdde:MpF. 24)

Our goal is to obtain decay estimates of || F|| parameterized by & and this is why such
an approach can be qualified as a mode-by-mode hypocoercivity method.

I1.1.2 A first optimization in the general setting

The estimates of [15, Proposition 4] are rough and it is possible to improve upon the
choice for ¢ and A. On the triangle

T 1= {(5,4) € (0, Ap) X (0,24) : A <2 (A —5)},

let us define

2
ha(5, 1) = 6 (CM +%) _4(4,,,_ G i)(

2

0 Am A
1+/1M 2]’
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240
2-6"

Ak (6) = sup {/l €(0,24,) : hy(6,2) < 0} and Cy(0) :=

We will also need later

A 4Kp A
Ky =—2 <1 and 5*:=Lm2< -
L+Am 4Ky +Cy,

Our first result provides us with the following refinement of (5).

Proposition 2 Under the assumptions of Theorem 1, we have

Hi[F(t,-)] <Hi[Fole™® Vi>0

with A = max {/l*(é) : 6 € (0, 6*)}. Moreover, for any 6 < min{2,64}, if F
solves (1) with initial datum Fy € H, then

IFDI? < Cu(8) e+ |IRo|? V120,
On the boundary of the triangle 7,,,, we notice that
hye(0,1) =222, —2) >0 VAe(0,24,),
h*(cS,Z(/lm - 5)) —(Crr+ A —6)282>0 V6e(0,4,),

and h.(6,0)/6 = (C3, +4Kpr) 6 — 4Kp A is negative if 0 < 6 < 0x. As a
consequence, the set {(5,4) € 7, : hu(5,1) < 0} is non-empty. The functions
A hy(6,) forafixed 6 € (0,4,,) and § — hy (0, A) for a fixed A € (0,2 2,,) are
both polynomials of second degree. The expression of A, () is explicitly computed
as the smallest root of A > h, (6, A) but has no interest by itself. It is also elementary
to check that A, is positive if (8, 1) € T, with § > ..

Proof The method is the same as in [20] and [15, Proposition 4], except that we use
sharper estimates.

Since ATII can be interpreted as z — (1 +z)~! z applied to (TIT)*TIL, the spectral
theorem and conditions (H1) and (H2) imply that

51
— (LF,Fy + 6 (ATIIF, F) > A, ||(1d = I F|* + ﬁ IOF|2.  (25)

From that point, one has to prove that — (LF, F') + 6 (ATIIF, F) controls the other
terms in the expression of D[ F]. By (H4), we know that

|[Re(AT(Id —IT)F, F) + Re(ALF, F)| < Cp |IF|| |(Id = IDF||.  (26)
Asin [20, Lemma 1], if G = AF, i.e., if (TII)*F = G + (TII)* TI1 G, then
(TAF,F) = (G, (TI)* F) = ||G|* + |ITOG||* = |AF||> + | TAF||*.

By the Cauchy-Schwarz inequality, we know that
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(G, (TH)* F) =(TAF,(Id - II)F)

< ITAFI | (d - T F| < ﬁ ITAF |2+ £ 11(1d - I P2
for any ¢ > 0. Hence
2||AF| + (2 - %) ITAFI® < p]|(1d - I F| 2,
which, by taking either g = 1/2 or u = 1, proves that
IAF|| < %II(Id—H)Fll, ITAF|| < [|(Id = ID F||
and establishes (7). Incidentally, this proves that

[(TAF, F)| = |(TAF, (Id - II)F)| < ||(1d = I F||?, 27)

and also that ! |
(AF.F)| < 3 IF] [|(1d - IDF]l < 7 IFIP. (28)

As a consequence of this last identity, we obtain
1 2 0 2
[Hi[F1 =3 IFIP| = 6 |(AF, F)| < 7 IF17

which, under the condition § < 2, is a proof of (7) with the improved constant

2+ 0
= . 29
Cs : (29)
Now let us come back to the proof of (6). Collecting (25), (26), and (27) with the

definition of D[ F], we find that

0dm

Y - S5Cy XY
1+/1M M

D[F] = (A — &) X* +

with X := ||(Id = I)F|| and Y := ||TLF||. Using (28), we observe that
1 o
Hi[F] < = (XZ Yz) °xv.
1[F] S XY )+ 5
Hence the largest value of A for which
D[F] = AH,[F]

can be estimated by the largest value of A for which
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WY

1+/1M

Pl Pl
=(/lm—6—§)X2—6(CM+§)XY+(

A A
QX,Y) = (A — 6) X* + Y2—6CMXY—§(X2+Y2)—§6XY

5 Am /l)Yz

1+ Apm 2

is a nonnegative quadratic form. It is characterized by the discriminant condition
hy(6,4) < 0, and the condition 4,, — 6 — 4/2 > 0 which determines 7,, with the
two other conditions: § > 0 and A > 0. From (6), we deduce the decay of H; [ F (¢, -)]
and the decay of ||F(1)||? by (7) using (29). O

Remark 1 The estimate (8) of [15, Proposition 4] is easily recovered as follows.
Using

0dm

Y>-6Cy XY
1+/1M M

D[F] > (A, —6) X> +

0Am

0
Yz__( 2 y2 Y2)
Tr 1y L "2 \Cu X

> (A —6) X% +

and .
H[F] < % (X2+Y2) ,

with ¢ defined as in (8), we obtain
Am yo Oy
4 2(1+Apy)

1 26y . 26y
> 2 A, FI? 2 —22M _ yiF.
—4mm{ m 1+/1M}” = 3,y M

D[F] >

Hence we have that i \FII> > %H[F] because 4/(2+6) > 8/5 > 4/3if § < 1/2.
This estimate is non-optimal and it is improved in the proof of Proposition 2.

Remark 2 In the discussion of the positivity of Q, we can observe that (X,Y) is
restricted to the upper right quadrant corresponding to X > 0 and ¥ > 0. The
discriminant condition /4 (8, 4) < 0 and the condition A,,, — § — 1/2 > 0 guarantee
that Q(X,Y) > 0 for any X, Y € R, which is of course a sufficient condition. It
is also necessary because the coefficient of Y2 is positive (otherwise one can find
some X > 0 and Y > 0 such that Q(X,Y) < 0) and then by solving a second degree
equation, one could again find a region in the upper right quadrant such that Q takes
negative values.

Hence we produce a necessary and sufficient condition for @ to be a nonnegative
quadratic form. This does not mean that the condition of Proposition 2 is necessary
because we have made various estimates, which are not generically optimal, in order
to reduce the problem to the discussion of the sign of Q. In special cases, we can
indeed improve upon Proposition 2. We will discuss such improvements in the next
section.
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II.1.3 Mode-by-mode hypocoercivity

I1.1.3.1 Fourier representation and mode-by-mode estimates

Let us consider the Fourier transform in x, take the Fourier variable & € R4 as
a parameter, and study, for a given &, Equation (23). For a given ¢ € R4, let us
implement the strategy of Theorem 1 and Proposition 2 applied to (¢, v) +— F(t,&,v),
with the choices (24). The operator A is defined by

i&
L+[&]?

(AF)(v) = - / wF(w)dw M(v).
R4

Taking advantage of the explicit form of A, we can reapply the method of § II.1.2
with explicit numerical values, and actually improve upon the previous results. Let us
give some details, which will be useful for benchmarks and numerical computations.
Again we aim at relating the Lyapunov functional

1
Hi[F] := 3 I|F|*> + 5 Re(AF, F)

defined as in (3) with D[ F] defined by (4), i.e.,

D[F] := — (LF, F) + 6 (ATIIF, F)
— 5Re(TAF, F) + 6 Re(AT(Id - IT)F, F) — § Re(ALF, F)..

In other words, we want to estimate the optimal constant A(¢) in the entropy —
entropy production inequality

DIF] 2 A(§) Hi[F] (30)

corresponding to the best possible choice of ¢, for a given £ € RY.

If L =Ly, 4,, = 1 is given by the Gaussian Poincaré inequality. If L = L,, it is
straightforward to check that A, = 1. In both cases, it follows from the definition
of T that Ap; = |£]>. With X := ||(Id — II)F|| and Y := ||TIF||, using (25) we have

SIEP 4o
L+

— (LF,F) + 6 (ATIIF, F) > X* + (31)

By a Cauchy-Schwarz estimate, we know that

e+ [ wronau|= e

£ yp (4-I0F )
/Rd €] w VM M dw| < [£]|(1d = ID F]|

and therefore obtain that

[4
L+[€?

[5
L+

IAF]| < [Id -IDF|| and [|ALF|| < IId-IF], (32
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where the second estimate is a consequence of ALF = — AF whenL =L; orL = L,.
Notice that the estimate of ||AF|| is sharper than the one used in the introduction.
Using (32), we have that

€1 . L
e IMFNIad=TF < 5 S IFIP - 33)

|Re(AF, F)| <
+ &

and obtain an improved version of (7) given by

1 ¢l 2 1 g€l 2
—|1- Fl- <Hi[F]<=z|1+ F|~. 34
3 1+|é-‘|2)” < HilF < 5 |1 11 (34)
We also deduce from (32) that
Lo 2 J €]
Hi[F] < - (X“+Y7 )+ XY 35
1LF] 2( ) 1+£? 53)
and, using ALF' = — AF and (33),
|Re(ALF, F)| < 1_’|ﬁ|§|2 [[TIF|| [|(Id = IT)F|| . 36)

As for estimating ||AF ||, by a Cauchy-Schwarz estimate we obtain

€|
ITAF|| < > I(Id = IDF,
1+ [£]
so that )
5
5 |Re(TAF, F)| < €7y (37)
1+ &2
As in [15], we can also estimate
V&) (Id— VY dv'
IAT(1d — ) F| = ea 8 0DEG) v
THE]
(- M) dv) V3£
< WMD) 1a -y F = Y2 | (1d - D)

1+ ¢

This inequality and (32) establish that (H4) holds with Cy; = % Let us
finally notice that »

1(1+ V3 141)

S |Re(AT(Id — II)F, F)| + 6 |Re(ALF, F)| < 6
1+ (€2

XY. (38)
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I1.1.3.2 Improved estimates with some plots

In this section, our purpose is to provide constructive estimates of the rate A in
Theorem 1 and get improved estimates using various refinements in the mode-by-
mode approach. Let us start with the one given in (8).

With s := |£|, we read from § I1.1.3.1 that

s(1+\/§s)

1+ 2

2

An=1, Ay =5 and Cpy = (39)

In that case, the estimate (8) becomes A > Ay(s) for § = dp(s) with

1+ s2

1
2 (1+\/§s)2‘

1 2
Ao(s) == = S—Z and 6p(s) :=

3 (1+\/§s)

With (39) in hand, we can also apply the result of Proposition 2. In order to take
into account the dependence on s, the function /4, has to be replaced by a function
defined by

s(1+\/§s)

P A\ 652 A
MO = 0| TG4y ‘4(1“5")( : ")’
S

so that the whole game is now reduced, for a given value of s > 0, to study the
conditions on (8, 1) € 7, such that h;(d,4,s) < 0. In particular, we are interested
in computing the largest value A;(s) of A for which there exists § > 0 for which
h1(8,4,s) < 0 with (6,1) € 7,,, and denote it by §(s). The triangle 7, is shown
in Fig. 1 and the curves s +— A;(s) and s +— &;(s) in Figs. 2 and 3. Solutions
are numerically contained in 7, in the sense that s — (51 (s),41(s)) € 7, for any
s > 0. As already noted, some estimates in § I11.1.3.1 (namely (32), (34), (35), (36)
and (37)) are slightly more accurate then the estimates of the proof of Proposition 2.
By collecting (31), (35), (37) and (38), we obtain

D[F] — AH[F]
§s> A\ ., b5 5sr A
> (1- -Cx2- 1+V3s+1) XY+ -Zlr? @“@o
( 1+s2 2) 1+s2( ’ ) (1+s2 2) (“40)

is nonnegative for any X and Y under the discriminant condition which amounts to
the nonpositivity of

2
l+\/§s+/l) _4(1 552 /l)(ész /1)

hy (8,4, 5) = 6% s> _ o852
2( ) S( 1+s2 1+s2 2

T 1482 2
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0.5

(81(s), A1 (s))

hi(61,41) <0
0.2 0.4 06 08 1.0

Y
[s%)

Fig.1 With A,,,, Apr and Cpy given by (39), the admissible range 7;,, of the parameters (&, 1) is
shown in grey for s = 5. The darker area is the region in which h; (8, 4, 5) takes negative values,
and (6 (s), ;1 (s)) are the coordinates of the maximum point of the curve which separates the two
regions in the triangle 75,.

in the triangle

Tra(s) = {(5,1) c (o,am 1;232) X (0,2,) : 1 <2 (Am - f+—§22) }

with 4, = 1. Exactly the same discussion as for s — A,(s) and s +— &;(s)
determines the curves s — A;(s) and s — §2(s) shown in Figs. 2 and 3. Solutions
satisfy s — (62(s), A2(s)) € T (s) for any s > 0.
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————
——
-

010 [1 e

1
1
1
0.05/1
1
4

0.00 f= . ‘ . . ‘ >

Fig. 2 With A,,,, Aps and Cpy given by (39), curves s +— A;(s) with i = 0, 1 and 2 are shown.
The improvement of A, upon Ay is of the order of a factor 5.

2.0}

1.5

1.0

0.5

0.0 ‘ ‘ ‘ ‘ —

Fig. 3 With A,,,, Aps and Cypy given by (39), curves s — &;(s) with i =0, 1 and 2 are shown.
The dotted curve s — 6&p(s) shows the estimate (8) of [15, Proposition 4]. It can be checked
numerically that the numerical curves s — (6;(s), 4; (s)) withi = 1, 2 satisfy the constraints, i.e.,
stay in their respective triangles for all s > 0, as shown in Fig. 1.
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I1.1.4 Further observations

In this section, we collect various observations, which are of practical interest, and
rely all on the same computations as the ones of Sections II.1.2 and II.1.3.

I1.1.4.1 Explicit estimates

The explicit computation of ¢, and A, is delicate as it involves finding the roots of

high degree polynomials, but it is possible to obtain a very good approximation as
follows. After estimating 2 X ¥ by A (X? +Y?) /2, we obtain that

D[F] - AH[F]

§s2 A 5 §s2 A
2(1 il —)Xz——s(1+\/§s+/l)XY+(—s——)Y2

1482 2 1+s2 1+s2 2
552 A 5 8
> (12 24 22 ) ) x2 - 28 (1+\/§S)XY
1+s2 2 1+ 52 1+s2
s A §s , =
+ -—(1+ Y"=Q(X,Y
(1+s2 2( 1+s2)) QX.Y)

is nonnegative for any X and Y, under the discriminant condition which amounts to
the nonpositivity of

2
. 1+V3s
7 (5,4, 5) =652
2(6:4,5) g ( 1+s2 )
5§52 A 5s 652 A 8
-4(1- -= |1+ -—(1+ .41
( 1+ 52 2( 1+s2))(1+s2 2( 1+s2)) “h

By doing a computation as in § 11.1.3.2, we can find an explicit result, which goes
as follows.

Proposition 3 Assume (39). The largest value of A > 0 for which there is some 6 > 0
such that the quadratic form Q is nonnegative is

1 (s) = 7 52-V21 5444 (3+5 V3) 53+ (2248 V3) s2+4 (1+V3) s+142 (1+V3) s+1
2= 75242 (2+V3) 542

with corresponding & given by

. 2 A (5)2=r(s)+2 s
& (s) := 8 +1 —£213) ZAp\)Fes
2(s) S 752423 s41-1(s)?

The proof is tedious but elementary and we shall skip it. By construction, we know
that
A2(5) > Aa(s) Vs>0
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and the approximation of 1, (s) by A, (s) is numerically quite good (with a relative
error of the order of about 10 %), with exact asymptotics in the limits as s — 0., inthe
sense that A5(s) /s> ~ A5(s)/s%, and s — +co. See Figs. 4 and 5. The approximation

of §5(s) by 82 (s) is also very good.

2 4 6 8 10

Fig. 4 Plot of s — A,(s) and of of s — 1, (s), represented, respectively, by the plain and by the

dotted curves.

0.06
0.04

0.02

s (s) = (s)) (1+572)

>
'

1 2 3 4 5

Fig.5 The curves s — A,(s) and s — A, (s) have the same asymptotic behaviour as s — 0, and

as § — +oo.
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Let us summarize some properties which, as a special case, are of interest for
Sections I1.1.4.2 and 11.2.2.

Lemma 2 With the notation of Proposition 3, the function A, is monotone increasing,
the function 6, is monotone increasing for s > 0 large enough, and

i Aa(s) _
im =

s—0, s

2, lim Jo(s) = 1-y3/7~0.345346 and  lim &s(s) =2/7.

The proof of this result is purely computational and will be omitted here.

11.1.4.2 Mode-by-mode diffusion limit

We consider the diffusion limit which corresponds to the parabolic scaling applied
to the abstract equation (1), that is, the limit as € — 0, of

dF 1
e—+TF=-LF.
dt £

We will not go to the details and should simply mention that this amounts to replace A
by A & when we look for a rate 4 which is asymptotically independent of £. We also
have to replace (H4) by the assumption

1
IAT(d ~IDFI| + ~ IALF|| < Cpy [|(1d — IDF]| (H4,)
in order to clarify the dependence on €. Since A, T, [T and L do not depend on &, this
simply means that we can write Cy;, = Cz(v}) + é Cz(\? where Cz(v}) and C](é) are the
bounds corresponding to
|AT(1d - ) F|| < C\)) |(1d - I)F|| and [ALF|| < C.) ||(1d - TD)F]|.

With these considerations taken into account, proving an entropy - entropy production
inequality is equivalent to proving the nonnegativity of

D[F] - A& Hi[F]

1 65> A&\, os (1 §s*> A&\,
2|l - X" - —+V3s+deg| XY +|— - —|Y

1+s2\e 1+s2 2

for any X and Y, and the discriminant condition amounts to the nonpositivity of

2
5252 [1+V3es+1e? 4 1 552 Ae 852 Ae
g 1+s2 2 1+s2 2 )°

&2 1+s2

In the limit as € — 0., we find that the optimal choice for A is given by (15(s), 5 (s))
with
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lim A,(s) =2s> and 5g(s)=2(1+s2)8(1+0(1))).

£—0,4

Notice that A(s) = 2 s> corresponds to the expected value of the spectrum associated
with the heat equation obtained in the diffusion limit. This also corresponds to the
limiting behaviour as s — 0, of A, obtained in Lemma 2.

I1.1.4.3 Towards an optimized mode-by-mode hypocoercivity approach ?

-1
In our method, the essential property of the operator A := (Id + (TH)*TH) (TID*
is the equivalence of (ATIIF, F) with ||IIF||? given by the estimate

Am
1+/1M

ITIF||> < (ATIIF, F) < ||IIF||>.

These inequalities arise from the macroscopic coercivity condition (H2) and, using
the spectral theorem, from the elementary estimate z/(1 +z) < 1 for any z > 0. On
the one hand the Lyapunov functional H; [F] := % |F||> + 6 Re(AF, F) is equivalent
to || F||? for 6 > 0 small enough because A is a bounded operator. On the other hand,
D[F] = - %Hl [F] can be compared directly with ||F||> because, up to terms that
can be controlled, as in the proof of Proposition 2, in the limit as 6 — 0, D[F] is
bounded from below by

0dm

[Istall
1+Aym

—(LF,F) + 6 (ATIIF, F) > A,, ||(1d = ) F||> +

by Assumptions (H1) and (H2). Notice that this estimate holds for any 6 > 0. The
choice of z/(1 + z) picks a specific scale and one may wonder if z/(& + z) would not
be a better choice for some value of £ > 0 to be determined. By “better”, we simply
have in mind to get a larger decay rate as t — +oo, without trying to optimize on the
constant C in (5). It turns out that the answer is negative, as € can be scaled out. Let
us give some details.

Let us replace A by
-1
A, = (82 Id + (TH)*TH) (TI)*

for some £ > 0 that can be adjusted, without changing the general strategy, and
consider the Lyapunov functional

His[F] := 2 |IF|* + S Re(AF, F)

for some ¢ > 0, so that
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D [F] = = by o [F]

= —(LF,F) + 6 (A.TIIF, F) 42)
— 5 Re(TA.F, F) + 6Re(A T(Id — I F, F) — 6 Re(ALF, F).

For a given ¢ € R? considered as a parameter, if f solves (21) and if F = £, then we
are back to the framework of § II.1.3. In this framework, the operator A, is given by

_iE

(ASF)(V) = _82 + |'§:|2 :

/ wF(w)dw M(v).
R4

We have to adapt the computations of § I[I.1.3.1 to & # 1.

As a first remark, we notice that we do not need any estimate of ||A.F||: all quan-
tities in (42) involving A are directly computed except of Re(TA_F, F'). Estimating
Re(TAF, F) provides a bound which is independent of ¢ for the following reason.
When we solve G = A_F, i.e., if (TH)*F = 2 G + (TI)* TII G, then

(TALF,F) = (G.(TID" F) = &?||GI* + [[TIIG|* = & |A F|I* + | TAF|1> .
By the Cauchy-Schwarz inequality, we know that
(G, (TI)'F) = (TA.F, (Id = IDF) < [TA:F|[||Id - IDF],
which proves that ||TA.F|| < ||(Id — IT) F|| and, as a consequence,
IRe(TA.F, F)| < ||(1d - TDF|*.

It is clear that the right-hand side is independent of € > 0. A better estimate is
obtained by computing as in (37). By doing so, we obtain

[5

2 pep 104~ mF|*.

|Re(TALF, F)| <

Asin§11.1.3.1,wehave 1,, = 1, Ap; = |.f|2 and the same computations show that

[5]
e+ [¢]?
[5

e + ¢

[Re(A:F, F)| < IIFI(Id =T F ,

[Re(A;LF, F)| < I [(d = IDF,

V3 |¢)?

Re(A,T(Id-IDF,F)| £ ——
Re(A,T(1d - IDF, F)l < =25

ITLF||I(Id = I F| -

This establishes that (H4) holds with

el (1+V3161)

Cum =
e+ ¢

bl
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1 €|
Hio[F] = 2 IFI?| < 6 IRe(AF, F) < ==L InF|||(1d - T F],
2 g2+ €|
and as a consequence it yields an improved version of (7) which reads
1 ¢] 2 1 6 1¢] 2
— (1= === |IIFI? < Hi:[F] < = |1+ —== ]| |F|%. 43
2( | 1P < HelFl < S {1+ S IFE. @)

Notice that the lower bound holds with a positive left-hand side for any & only under
the additional condition that
0<2¢.

Anyway, if we allow ¢ to depend on &, the whole method still applies, including for
proving the hypocoercive estimate on || F||?, if the condition

e -0lel+1€7 >0

is satisfied for every &.
With X := ||(Id = IDF||, Y := ||IIF||, and s = |£]|, we look for the largest value
of A for which the right-hand side in

Ds[F] _}'HI,S[F]

s 2 §s §s* 2
> (1- -z Xz——(l 3 /l)XY Sy 44
( &2 + 52 2) &2 + 52 +Vas+ +(£2+s2 2) )

is nonnegative for any X and Y. Recall that s is fixed and ¢ is a parameter to be
adjusted. If we change the parameter ¢ into ¢, such that

0s B 048§
e2+52 1452

(45)

then the nonnegativity problem of the r.h.s. in (44) is reduced to the same problem
with & = 1, provided that no additional constraint is added. Let us define

1+\/§s+,1)2_4(1 552 /1)(552 /l)

h3(0,1,¢€,s = 2 52 el [ I
3 ) ( 2 + 52 e2+52 2/\e2+s52 2

with (6, A) in the triangle

T2 (s) = {(6,/1) c (0, (1+¢2 s‘z)/lm) X (0,24,) : 1 <2 (am - ;Z‘j;) }
and 4, = 1. Exactly the same method asin § I1.1.3.2 determines the curves s — A3(s)
and s — 93(s, €), but we have A3(s) = A2(s) for any s > 0 while 6, (s) and 63(s, &)
can be deduced from each other using (45). Solutions have to satisfy the constraint
s > (63(s,€),43(s)) € T,2(s) for any s > 0. It is straightforward to check that
(6,2) € T,Z(s) if and only if (6.,1) € 7,1 (s) = T(s), where 6, is determined
by (45). Altogether, our observations can be reformulated as follows.



Contents 29

Lemma 3 Assume (39). Then for any s > 0, we have
max {/1 >0 (6,4) € TE(s), hy(8,4,6,5) < o}

is independent of € > 0.

To conclude this subsection, we note that, while the Lyapunov functionals H; . are
clearly different for different values of & > 0, mode-by-mode, i.e., for a given value
of s = |£|, they all yield the same exponential decay rate A = A, (s), when choosing
the best parameter 6 = §3(s, £). Similarly, no improvement on the constant C as
in (5) is achieved by adjusting £ > 0 when ¢ is taken into account in (43), for proving
the equivalence of H; . [F] and ||F||. This reflects a deep scaling invariance of the
method.

I1.2 Convergence rates and decay rates

In this section, we come back to the study of (21) and consider two situations.
A periodic solution on a small torus has a behaviour driven by high frequencies
corresponding to || large, while the decay rate of a solution on the whole Euclidean
space is asymptotically determined by the low frequency regime with & — 0. In the
latter case, we use estimates as in Nash type inequalities and relate the time decay
with the behaviour of A(¢£) in a neighbourhood of ¢ = 0.

I1.2.1 Exponential convergence rate on a small torus

In this section, let us assume that X = [0, L)d (with periodic boundary conditions)
and consider the limit as L — 0,. With the notation of § II.1.1 and the Fourier
transform (22), the periodicity implies that & € (2 7/L) Z¢ and in particular, for any
fixed j € Z¢ and ¢ = 27 j /L, we have |¢£] — +0c0 as L — 0., unless j = 0. Let us
denote by A7 (&) the optimal constant in (30) when ¢ is limited to (2 7/L) Z¢ \ {0}.
We recall that

Ay = liminf inf Ap(€é) =2 1-+/3/7

L—0, £e(2x/L) Z4\{0}
according to Lemma 2. As a consequence, we have the following result.

Proposition 4 For any € > 0, small, there exists some L, > 0 such that, if X =
[0, L) for an arbitrary L < Ly, if f solves (21) with fy € L2(X x R?, dx dy) and
L =L orL =Ly, then we have

||f(t, K ) - ‘fM||i2(dxdy) < (1 +8) ”fo - .]FM”]Z_Z(dXd,y) e—min{z,/l*—g}t Vi> O,
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with f = LLd./]Xde Jo(x,v) dxdv.
Proof Let us notice that g(¢,v) = f(¢,0,v) = /X f(t,x,v) dx solves

As a consequence either of the definition of L = L;, or of the Gaussian Poincaré
inequality .
”g - fM||iZ(d7) < ”Vg”iZ(d),)

if L = Ly, we know that

lg(t.) = FMIPs ) < 18(0.) = FMIZ, 0 e V20,

By the Plancherel formula, we have

1F ()= MIs g ) = 80 =F MU+ S £,
£e(2x/L) Z4\{0}

The conclusion follows from C(s) = (1 +52+ 52(s) s) /(1 +52 - 52(s) S)’
17 £y, < CUED D& s, € )"

for any (1,&) € R* x (2x/L) Z% \ {0}, and the estimates of Lemma 2. O

I1.2.2 Algebraic decay rate in the whole Euclidean space

As a refinement of [15], we investigate the decay estimates for the solution to (21)
on X = R?. Here we rely on Nash type estimates.

To start with, let us consider a model problem. Assume that s +— A(s) is a positive
non-decreasing bounded function on (0, +c0) and, for any s > 0, let

ha(M,R,s) := A(R) (wd R4 M? - s) , A"(M,s) = —rlglir(} hy(M,R,s),
>

where M is a positive parameter and wy = |S?7!|/d. Since hy(M, R, s) ~ —A(R) s
as R — 0, and hy(M,R,s) > ¢ R? for some ¢ > 0 as R — +oo, there is indeed
some R > 0 such that 1*(M,s) = —hy (M, R, s) and 1*(M, s) is positive for any
(M, s) € (0,+00)?. We also define the monotone decreasing function

— * dZ
Yam(s) = /1—/1*(M,Z) Vs20.

Our first result is a decay rate on R for a solution of d;u = Lu where the operator £
acts on the Fourier space as the multiplication of £ + #i(£) with some scalar function
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—A(£)/2, for any & € R?. With just a spectral inequality, we obtain the following
estimate.

Lemma 4 Assume that s — A(s) is a positive non-decreasing bounded function on
(0, +00) such that, with the above notation, limg_,0, Y . (s) = +oo for all yu > 0. If
u € C(R*,L' N L%(dx)) is such that M = ||u(t, NIL1 (ax) does not depend on t and

d
28 OF < —ED [a( HF v (1,€) e R* xR,

then
(e, s gy < Wiha (24 00 (100091 ) V€ R

Here it denotes the Fourier transform of u in x.

Proof The inspiration for the proof comes from [28, page 935]. Let
1
y0) = [ NiwoPas< [ g e+ 1o [ AdeDlac.e)Pae
Rd |&|<R L=(@¢) A(R) Jra

1 d N
< 0u R Wty ) = 305 37 L, Vit O e

Hence,
y, < h/l(M’R»y) B

for any R > 0. Taking the minimum of the r.h.s. over R > 0, we obtain
yl < _/l*(M’y) s

and the conclusion follows after elementary computations. O

Example 1 Let us consider a case that we have already encountered in Sections
I1.1.4.2 and 11.2.2. If A(s) = 2 52 for s € (0, 1), we find that

242 sy Vse (0,1
(M. s)=2d|—2— (—) ).
(M. 5) (a)sz) d+2 s

With cq := 4 ((d +2)/2)""* w4, we find

Yam(s) = caMd (s_% - 1)

and deduce from Lemma 4 that

d
_4 t _4 -2
et M gy < {100+ = O ->I|Lf<dx>) VieR".

This estimate is similar to the estimate that one would deduce from Nash’s inequality
in the case of the heat equation on R¥. Notice that differentiating this estimate at
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t = 0 gives a proof of Nash’s inequality, with the same constant as in Nash’s proof
in [28] (see [?] for a discussion of the optimal constant).

The assumption on u in Lemma 4 is a coercivity estimate for the operator £ with
Fourier representation —A(|£|) /2, which allows us to use a Bihari-LaSalle estimate,
i.e., a nonlinear version of Gronwall’s lemma. For the main application in this paper,
we have to rely on a hypocoercivity estimate, which is slightly more complicated.

Lemma 5 Assume that s — A(s) is a positive non-decreasing bounded function on
(0, +00) such that, with the above notation, lims_,o, Y, (s) = +oo for all u > 0.
Let u € C(R*,L' N L2(dx)) be such that, for some bounded continuous function
s+ C(s) such that C(s) > 1 for any s > 0,

la(t,&)|* < C1]) 1a(0,&)[F e DT v (1,6) e RY x RY

and |[u(t, )|l 1ax) < M for some M which does not depend on t. Then, for any
t > 0, we have

[COIFNES RIGR (46)

where Q = ||u(0, ')||L2(dx) and

R
Yy o(t) = Iienfo (/ C(s) e " 541 s wyd M? + sup C(s) e * R 1 Q2
>0 \Jo

s=R
(47)
Proof For any R > 0, we have
i 2 A& i 2
u(e, dé < / C e dé a0, )7
/M' hofdes | e ENA(0. )2 g
with [|4(0, )| o ra ag) < 1u(0,)|[L1 (re,qx) ON the one hand, and
(1, €)1 dé < sup C(s) e~ *®ja(0, )17
./|§|>R s>R L (R,d8)
on the other hand. The result follows by optimizing on R > 0. O

The result of Lemma 5 is not as explicit as the result of Lemma 4, but it is useful
to investigate, for instance, the limit as t — +oo: if lims_,g, C(s) = C(0) > 0 and
A(s) =2 5% for any s € (0, 1), then one can prove that

(. MRy < O (792) a5 1 oo

In the spirit of [15], let us draw some consequences for the solution of (21).

Theorem 2 If f solves (21) for some nonnegative initial datum f, € L*(R? x
RY, dxdy) N L?(RY, dy; LY (RY,dx)) and L = Ly or L = Ly, then we have the
estimate
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1F ()2 masga gy ayy < 277 War,0(0)

with M = ”fO”LZ(Rd,dy;Ll(Rd,dx)): 0= ”f()”Lz(RdXRd,dxd’y)’ and Wy o () defined
by (47) using C(s) = (2+6(s))/(2=06(s)) and A(s), for any pair (5, 1) of continuous
functions on (0,+00) taking values in (0,2) x (0,+c0), with s — A(s) monotone
non-decreasing, such that the entropy — entropy production inequality (30) and the
equivalence (34) hold.

Here we abusively write A(£) = A(s) and 6(£) = A(s) with s = |£].

Proof We estimate || f(t, -, -)||i2 (RAXRA. dx dy) using (22) and Plancherel’s theorem

1 "
’ ’ 2d d T 9 9 2d d .
//ﬂéded |f(t * V)I ray (Zﬂ)d ‘[/I‘Rded |f(t f V)l f Y

Applying the results of Theorem | with

L+ €7 +6(8) €]

C() = ,
© = e —o ]

we learn that
/R, f (&P dy < C@) /R e v)Pdy e

We can apply the same strategy as for Lemma 5, with
I c@ienret@aeays [ c@et g,
BrxR4 |£1<R

[/ CE) fo& P e dedy < sup C(£) e B Q2,
B&xR4 £eBs

using sup ¢ cga | fo(€,v)] < fRd fo(x, v) dx for the first inequality, and the monotonic-
ity of A. O

In practice, any good estimate, for instance the estimate based on the functions
(82, A2) of Proposition 3, provides us with explicit and constructive decay rates of
the solution to (21) on R?. As a concluding remark, it has to be made clear that the
method is not limited to the operators L; and L.
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Part II1. The Goldstein—Taylor model

III.1 General setting and Fourier decomposition

Consider the two velocities Goldstein-Taylor (GT) model (cf. [20, § 1.4]) with
constant relaxation coefficient o > 0, position variable x € X C R, and ¢t > 0:

01 fo(1,3) + 0, fu(1.3) = T (£-(0.2) = fu())
O f-(0) = 00 f-(1,2) = =3 (f-(62) = ul2.)) (48)
fe(x,0) = feo(x),

where f.(t,x) are the density functions of finding a particle with a velocity +1 in
a position x at time ¢ > 0 and f. ¢ € L1(X) is the initial configuration. This model
is the prime example of discrete velocity BGK equations, as described in § 1.2,
Example 2, with b = (1/2,1/2)7 and V = diag(1, —1). We consider two situations
for X, the one-dimensional torus and the real line, i.e., X € {T,R}.

Rewriting (48) in the macroscopic variables of (mass and flux densities)

u(t,x) ;= fo(t,x) + f-(t,x) 20, v(t,x) := fi(t,x) — f-(t,x),
leads to the transformed equations

Oru(t,x) = —dyv(t,x),

ov(t,x) = — 0xu(t,x) —ov(u,x), “49)

for x € X, t > 0. Integrating these equations along X directly shows that the total
mass is conserved for all times, i.e. fx u(t,x)dx = /X u(x,0) dx, and that the total
flux is decaying exponentially, i.e. fX v(t,x)dx=e" 7! fX v(x,0) dx fort > 0.

A Fourier transformation in the space variable x € X leads to ODEs of form (10),
given explicitly as

85(1.8) = ~C(&.0) 3(1.8) (50)
with A .
$(.8) = (;‘Ejg) and (6, 0) = (l‘; ’j) ,

for the Fourier modes & € Z in the case of X =T, and ¢ € R for X = R.
The matrix C(&, o) from (50) has the eigenvalues
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o
(&, 0) = TENT -¢&
and hence its modal spectral gap is given by
o o?
u(g, o) 1=Re(5— 7—62), §#0. (51)

For X = R, the modal spectral gap takes all values in the intervall (0, o/2] with
limg 0 u (€, o) = 0. To obtain decay estimates with the sharp decay rate of solutions
y(t,&) to (49) it is therefore important to achieve precise estimates of the decay
behavior as ¢ — 0. For X = T, the spectral gap for solutions to (49) corresponds to
the uniform-in-Z spectral gap, i.e.

u(o) ;= min ,O) .
u(o) er\{O}M(E )

The set of modal spectral gaps which coincide with the uniform spectral gap is
denoted by E(o) and depends on the values of o~ > 0:

¢ For o € (0, 2] it follows that
— g _
(o) =7, E(0)=Z\{0}.
* For o > 2 the lowest modes determine the uniform-in-Z spectral gap,

2
ﬁ(o-):,u(il,(r):%— %—1, E={-1,1}. (52)

Now, we consider the two hypocoercivity methods from § I.1 and § 1.2 for solutions
$(t, &) of (50) for fixed but arbitrary modes &.

Approach of § 1.2: For equations of form (10), we consider the modal Lyapunov
functionals ||(z, f)ll%,( £.0) with deformation matrices P (¢, o). These functionals
satisfy the explicit estimates of form (16), which go as follows:

e For fixed |£] # 0/2, |¢] > 0 the matrix C(&, o) is not defective and it follows
from Lemma 1 that

195N ey < € HETDNHE DD .0y (53)
with P(&,0) = P (&, o) for |€] > o/2 and P(&,0) = PP (&, 0) for €] <
o /2, where

1 -ig 1 -2
POE ) =iy ° PO o) =(0e 7. (4
2& o
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e For |¢| = /2 the matrix C (¢, o) is defective. Then, due to [10, Lemma 4.3], for
any & > 0 there exists an e-dependent matrix that yields the purely exponential
decay u(o/2) — . For later purposes it will be sufficient to investigate the case
o =2 with & =1, see § I11.2.2. Hence, we will not state the general form here.

Approach of § 1.1: With notation from Theorem 1, the Goldstein—Taylor equation
in Fourier modes (50) can be written as

0 9(t,€) = (L(o) = T(&)) 3(1,€) .
The Hermitian collision matrix and the anti-Hermitian transport matrix are, respec-
tively, given as
(00 [0 i¢
o= (00). w01

The projection on the space of local-in-x equilibria (satisfying L(c")IT = 0) is given
by the matrix

10
Il := (0 0) .
We introduce the operator A(¢) as in (2) for each mode ¢:
* -1 * 0 _i—{:z
A@) = 1+ MO TON) (T = 0 of ) :

The modal Lyapunov functional (3) is given as

Hi(&,0)[9(¢)] = % [9(&)II* + 5 Re($(£)" A€) $(£))

1
= S 917 +65(&) An (£) 5(8)
I I -
=§9(§)*(ifa e ) 38, (55)
1+£2

where we denote the Hermitian part of the matrix A by Ay := %(A + A¥).

II1.2 Comparison of the two hypocoercivity methods for X = T

In the next step we shall assemble, for both hypocoercivity methods, the modal
Lyapunov functionals to form a global one. When appropriately optimizing both of
these functionals, we shall see that they actually coincide and achieve optimal decay
estimates in the class of all quadratic forms.
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II1.2.1 The optimal global Lyapunov functional

We start by applying the strategies outlined in § 1.2 to assemble a global L?(T)
functional. For simplicity, let us first assume that the matrix C(&,0), € € Z of (50)
is diagonalizable for all modes, i.e. o ¢ 2 Z. A brief discussion of the defective cases
is deferred to the end of this section.

We first consider Strategy 1 of § 1.2 that leads to the functional

Holyli= D 3@+ Y, 19O, ¥e @A), ($56)

[£1>0/2 [l<o/2

according to definition (17). Assuming that the system has total mass 0, i.e.
fT u(x,0) dx = 0, we obtain that solutions y(¢) of (49), (50) satisfy the estimate:

ly()]> < €p e 2O |y(0)]1%, (57)

where

Cp = max{ sup [cond (P(l)(f))] , sup |cond (P<2) (f))]} . (58)

[El>0/2 |&l<o /2

To improve upon the multiplicative constant cp in (57), we continue with Strat-
egy 2 of § .2.

* For the case o < 2 the functional H, and (58) directly yield the optimal multi-
plicative constant. With notation from § 1.2 this follows from 2 = Z \ {0} and
cp = cz =cond(PW(£1)) = (2+0)/(2 - o). In this case the two eigenvalues
of the ODE system matrix C(¢) are distinct and form a complex conjugate pair.
Hence, the multiplicative constant ¢ p is the optimal constant within the family
of form (57), as has been shown in [4, Theorem 3.7].

e For the case o > 2, o ¢ 2Z, the lowest modes have the slowest decay: E =
{~1,1} with cz = cond(P?(x1)) = (¢ +2)/(o - 2). The multiplicative
constant cz is not the smallest possible multiplicative constant in (57). However,
according to [4, Theorem 4.1] it is the best possible multiplicative constant
achievable by Lyapunov functionals that are quadratic forms. As o > 2 it

follows that ¢p > ¢z, and hence we replace the functionals || - ||2P( b(g) and

Il - ||2P<2)(§) for the faster decaying modes & ¢ E, & # 0. Let us define

—(1) 1 —2L
P& =2 (7| £¢E£#0,
o

and notice that F“) (&) satisfies the matrix inequality

c@P©+PV @O ce 22mP @), £¢8. 620, (59)
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where 1 is the explicitly given uniform-in-Z spectral gap (52). Furthermore, as
cond(ﬁ(l)(f)) < cond(ﬁ(l)(il)) = (0 +2)/(o - 2), it satisfies the estimate
cond(I_J(l)(f)) < cz(o). Thus, the choice || - || e foré ¢ E(o) and & # 0
leads (via (19)) to the global functional for y € (L?(T))?, given as

ol = D, 9@ e o+ )y 3@, = ) @R,
£eE £¢5,E20 £€Z\{0}

where the equality follows as P(?) (1) = ﬁ(]) (£1). H, yields decay with sharp
rate 2 ;7(o) given by (52) and, within the family of quadratic forms, the optimal
multiplicative constant ¢z (o) in (57).

In summary, for arbitrary o > 0, o ¢ 27Z, Strategy 2 of § 1.2 yields the global
Lyapunov functional

Ha@) = ) 19I5, g ¥ € LD, (60)
£€7)\{0} "
where .
P(£,6) = (£ _i_f) 0 (o) :={04" 0<o <2, 1)
2Z it o>2.

Next, we turn to the method of § 1.1 and derive another global L?(T) functional
that is based on the modal functionals (55):

Hi(6)[y] = Z Hi(£,8)[9()], vy e (L*(D)*.
£€Z\{0}

In [20, § 1.4] the parameter ¢ € (0, 2) was chosen independent of £. But optimizing
the resulting decay rate of H;(§) w.r.t. the parameter 6 € (0,2) yields non-sharp
decay rates (as derived in [20, § 1.4] for 4,, = 0 = 1). Hence, we shall optimize here
each modal functional H; (&, §(£)) w.r.t. the parameter §.

For y € (L?(T))? and arbitrary o > 0, o ¢ 2 Z, the resulting functional is given
as _ :

i)l =2 Y Hi(6360) 5@, (©2)
£€z\{0}

with the optimal parameter 6 (£, o) := %‘;‘fz) € (0,2) and 6(o) defined in (61).
The following theorem relates H, to the previously defined functional Ha, given
respectively by (62) and (60).

Theorem 3 For y € (L*(T))? and arbitrary o > 0, o ¢ 27Z it follows that

Hi(o)[y] = Ha (o) [y] -

Proof Thanks to previous considerations, the proof is now straightfoward. For each
mode ¢ € Z \ {0}, the identity
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2H1 (6,860 51 = 1515, () - §€C (63)

follows by setting 6 = 6(&, 6) in (55). O

II1.2.2 The defective cases

For o # 2 the defective modes |¢| = o-/2 do not exhibit the slowest decay of all
modes, i.e. £ ¢ E as defined in § I.2. The functional || - ||27(1)( : yields the suffi-
P (&

cient decay rate 2 ji(o), along with multiplicative constants that are small enough,
ie., cond(ﬁ(l)(f)) < cg(o). It follows that Strategy 2 of § 1.2 again yields the
functional ﬁz as defined in (60).

The case o = 2 is the only case where the defective modes correspond to the
slowest modal decay, i.e. £ = £1 € E. Then, for arbitrarily small £ > 0 the modified
norm || - [|% , defined in (61), with

P(£.60.)

2-¢?
0c .—22+82, (64)
yields the exponential decay rate 2 (1(2) —&) for all modes |£| # 0. Due to the lack of
an eigenvector basis in the defective case, constructing the matrix P(&, 6) results in
a decay estimate of form (57) with multiplicative constant ¢, = V2/e. The blow-up
lim._,0, cs = +oo reflects the fact that the true decay behaviour of solutions in this
defective setting is not purely exponential with rate 2 11(2), but rather exponential
times a polynomial in time z. An approach based on more involved time-dependent
Lyapunov functionals yields estimates with the sharp defective decay behaviour. As
the time-dependent construction is besides our focus, we simply refer to [11] for
further details.

I11.2.3 Decay results for the case X = T

In this subsection we start by refining the general strategy of § II.1.3 to extract the
sharp decay rate for the GT model from the functional H;. Subsequently, we conclude
the torus case by expressing the global Lyapunov functional in the spatial variable.

In Theorem 3 above, we establish that both functional constructions (as described
in § I) coincide for the GT equation if one chooses the appropriate parameter §(&)
for H;. Now, we compare both approaches of § I to extract explicit decay rates from
the functional. _

The Strategy 2 of § 1.2 for H, is based on modal matrix inequalities, (59), which
prove the sharp global decay rate 2 i as already discussed in § II1.2.1.
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The general method of § 1.1 for ﬁ] (and its improvements of § I1.1) is to estimate
the entropy — entropy production inequality D[y] — A H;[y] > 0 in terms of ||(Id —
IT) y|| and ||ITy|| that are then optimized for A. As assumed in § II.1, we restrict
our discussion to 4,, = 1 which requires the relaxation rate o = 1. Applying
Proposition 3 to the modal equation (50) for & = +1 yields the decay estimates

Hy (£1,8,(1)) [$(x1,0)] < e D1 Hy (£1,5,(1)) [$(£1,0)]

with non-optimal modal decay rate A(1) ~ 0.165 and parameter 5,(1) ~ 0.325.
Higher modes, |£] > 1, yield higher decay rates (cf. Lemma 2), but as

geizn\f{o}/l(lfl) =A(1) <2pu(1) =1,

the optimal global rate cannot be recovered. One cause for not reaching the sharp
rate is that Proposition 3 approximates the entropy - entropy production inequality
condition to obtain readable formulas (via the discriminant /i, as defined in (41)).
But even omitting approximations when optimizing 6 does not yield sharp decay
rates A(|£]) = 1 for our example.

This is not surprising as § II.1.4 provides explicit estimates with a general hypoco-
ercive setting in mind. In order to obtain sharp decay rates for the GT model, we
sacrifice this generality and refine the strategy for the simple structure at hand. The
reduction of the continuous velocity space v € R (as defined in § II.1.1) to two
discrete velocities in the GT setting allows the following modifications: With the
notation of § III.1 it holds that

AETEId-TDI =0, §eC.

Thus, the constant Cy; as defined in (39) improves to Cy = 1+||§§|‘2 . Additionally, as
A(¢) (L+Ald) = (0 iii}f}ﬂ) )
0 0
it follows that
Re(A(©) (L+210)5(6) 5(©))] < 1250 (1= D XY,

for 0 < A < 1, where X := ||(Id - ID|| = [|v]| and Y := |[TI§|| = ||ul[. Then, as a
refinement of (40) for the GT equation with H; (&, §) from (55) it follows that
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D(£,0)[3] — AH1(£,6)[F]

_552 _A) 2 B A& _A)
2(1 e 2)X SRe(A (L /lId)F,F)+(1+§2 2)Y
3 5 &2 A o 6lEl(d-2) A& )
Z(1 1+&2 Z)X 1+¢2 XY-'-(1+§2 Z)Y'

The refined discriminant condition is then given by the non-positivity of

)oY

_1+§2_§ 1+§2_§

2 £2
har(8,4) = % (1-2)2-4 (1

It can be verified directly that §(¢) := 12:;,22 for ¢ # 0yields hgr(6(£), 1) = 0. Hence
we recover the sharp exponential decay rate A(|¢]) = 2u(1) = 1 for the modal
equations (50) for all ¢ € Z \ {0} with o~ = 1.

With this we have shown that refining the method of § II.1.3 for the GT model
(with o = 1) allows us to recover the sharp global decay rate from the global
functional Hy, as defined in (62).

In § II1.2 above we show that both hypocoercive methods from § I lead to the
same global Lyapunov functional for arbitrary o > 0. We conclude this subsection
by leaving the modal formulation behind and expressing this global functional in the
spatial variable.

In [7] the authors define an explicit spatial Lyapunov functional that yields the
sharp, purely exponential decay rates and best possible multiplicative constant (reach-
able via quadratic forms) for each o > 0:

Definition 1 Let u, v € L? (T) be real-valued and let 6 € (0,2) be given. We then
define the functional Eg[u, v] as

0 [
O T s o AT

Here, the anti-derivative of u is defined as

c');lu(x) = ‘/Oxudy— (/Oxu(y) dy) , (65)
avg

where uay, = ﬁ /027r udx = i(0).
Theorem 4 For u, v € L?(T) and arbitrary o > 0, o ¢ 2Z it follows that

Hi(o) [u — Uavg, v] =Eg(o) [u — Uayg, v] , (66)
with Hy defined in (62).

Proof As in [7, § 4.3], we use Parseval’s identity and the fact that (i k)~! is the
(discrete) Fourier symbol of ;! as defined in (65). For the total entropy of arbitrary
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y = (u,v)T € (L2(T))?, with uay, = 0, we deduce from (63) that

A @D+ PO = Y 19O, 0 + PO
kezZ\{0} ’
L 2 1
= E/o (lul + v|* = 6(0) v, u) dx
=Eg(o)[u,v].

O

In the following result we recall from [7, Theorem 2.2.a] the optimal exponential
decay for y(t) to the steady state Yoo, = (Utayg, 0)7, both in the functional Ey and in the
Euclidean norm. Mild solution refers to the terminology of semigroup theory [30].
Theorem 5 Let (u,v) € C([0, 0); (L% (T))?) be a mild real valued solution to (49)
with initial datum u, vo € L? (T) and define Uayg i= # /0271 uo(x) dx.

o [fo # 2 then

Eg (o) [U(t) = ttayg, V()] < Eg(or) [Ug — ttavg, vol e 2H 7T V120,

where
, 0<o<2 Z, 0<o<2
0(c) =15 TS0 we=0" =
=, o>2 F=F -1, o>2
Consequently we obtain the decay estimate
Hf(t) - (f“’) <Co|fo- (f"") e v >0,
Joo/lle2(my Joo lle2(m
where the decay rate u(o) is sharp and
2+0 (1) I o
Cor = 4| ————, 1) = s o = = Ugyo » = .
o 2— o] f @) (f—([) [ ) Uavg Jo fo

o [fo=2thenforany( < e <1
Eé)g [u(t) — Uayg, V(t)] < EBS [MO — Uavg, VO] 6_2(1_8)t V>0
with 0 ¢ defined as in (64) and we have that
Joo V2 Joo
- w-(h

S —_—
foo LZ(T) &

e =81 yr>0.
L2(T)
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II1.3 Decay results for the case X = R

We consider the GT model with position x on the real line and prove two global decay
estimates with sharp algebraic rate. Our first goal is to obtain modal decay estimates
of general form (46) with modal constants C(|¢]) as small as possible. As we discuss
below, a straightforward application of Lemma 5 with Strategy 1 of § 1.2 is not
possible due to the appearance of a defective eigenvalue in the modal equation (50).
To avoid this difficulty we shall use a non-sharp decay estimate as input to apply
Lemma 5. Our second goal is to construct a simple spatial functional that closely
approximates our first result. To achieve this, we construct modal Lyapunov function-
als that yield slightly less precise estimates but have the advantage of representing a
more convenient pseudo-differential operator.

To simplify notation, we assume that o = 1 in the present section. This is no
restriction, as the general case oo > 0 in (48) can always be reduced to the normalized
one thanks to the rescaling 7 = o ¢, X = o x.

A natural approach to obtain a decay estimate for X = R is an application
of Lemma 5 to the decay estimates (53) with the matrices PW and P@ of (54)
for o = 1. The extension of Strategy 1 of § 1.2 to & € R leads to (57). But as
cond (P (£)) — oo and cond (PP (¢)) — oo for [¢] — 1/2, it follows that the
multiplicative constants in (57) become unbounded. This is due to the defective
limit of the modal equation (50) at |¢| = 1/2. The modal Lyapunov functionals with
sharp rate depend on the eigenspace structure, which has a discontinuity at |£| = 1/2
and the decay rates are not purely exponential there. Hence, we cannot directly use
Lemma 5 with sharp rates.

Therefore, the natural and in fact sharper approach is to start with the exact modal
decay function (instead of an exponential approximation): for 2 X 2 ODE systems,
this decay function was given in [4, Proposition 4.2]:

191,615 < ha(1,€) 190,65 V120, (67)

where h, (t, £), the squared propagator norm associated with (50), is explicitly given
in [4]. Since this function is continuous at the defective point & = 1/2 forall t > 0
(see Fig. 6), one could easily extend Lemma 5 to this setting. But, since h,(z, &)
is a quite involved function, the minimization w.r.t. R (as in (47)) could only be
carried out numerically. In order to come up with an explicit decay estimate, we
shall therefore rather approximate the modal (exponential) decay estimates that are
used as a starting point for Lemma 5. We now approximate the decay estimate for
large frequencies |&|, but keep the sharp estimates for |£| small.

Lemma 6 Assume that R € (0,1/2) and let $(t, &) be a solution to (50). Then,
9. O < c(&) e O N90,8)17, VEeR\{0}, Vi=0, (68)
142 |£] 1|

. 1-2 ’
|€1-2R?

R oo @, i<k,
€l > R, 2u(R), 1€l =R.
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Fig. 6 The mapping |£| = s +— h.(z, s) shows the continuous modal dependency of the squared
propagator norm of C (&, 1) for fixed times #. Note that the kinks are no numerical artefact.

Proof For every |¢] < R, the modal functional || - ||i,(2) (&3S defined in (54), yields

the sharp modal decay

2u() =2u(€, 1) =1-1-4£2,

given by (51). The condition number of P(?) (¢) is given as

1+2€] < 1+2R
1-21€ 7 1-2R’

c(€) == cond (P<2> (g)) - 1€l < R. (69)

For |£] > R we use the rescaled version of || - ||{(1)( ) (from § II1.2.1, but now
P (£

for X = R), given as || - IIZ?(f), with the matrix
_ 1 _2iR?
P(&) = (m2 lf ) (70)
&

As this matrix satisfies the inequality

C*(E)P(&) +P(£)C(§) = 2u(R)P(&), |é] = R, (71)
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[&

the functional || - ) yields an exponential decay 2 u(R) for all modes |£| > R.

The condition number of P(¢) is given as:

1+2R
-2R’

16l +2R”

c(&) :=cond (F(f)) = Y s (P(R))

€l =R, (72)

from which the desired result follows. O

We can now apply Lemma 5 and Lemma 6 to obtain following global decay estimate.

Proposition 5 Let y := (u,v)T be a solution of the Goldstein-Taylor equation (49)
onRwith o = 1 and initial datum yq := (ug, vo)’, such that ug, vy € L' (R) NL%(R).
Let the modal spectral gap, defined in (51), be denoted as u(§) := u(&,1). Then, for
any t > 0 it follows that

. 1+2R . [B(t,R) _
||y(t)||L2(R) nf] T 3R (2mln{T,R} ||y0||]24l ® e 2u(R) ”yOHIZ}(R)

with B(t, R) := \/?fOR e 21 ds € [0,4/n/8).

Proof Applying Lemma 5 to the modal decay estimates (68) and taking into account
the estimates (69) and (72) leads to the decay result where, for B(t, R), we use the

estimate u(|£]) /€2 = (1/2—/1/4 = £2)/¢* > 1 for 0 < |¢| < 1/2. The bound on B
follows from B(z, R) < \/;fooo e 287 dé. O

Remark 3 The decay result of Proposition 5 is neither explicit in the optimization
with respect to R (for fixed ), nor optimal, as this would require an approach starting
from (67). It is however the best possible estimate of form (46) achievable with
quadratic forms for each mode. This follows, as for one, the modal functionals for
|£] < R, & # 0 are optimal for quadratic forms (cf. the discussion on P® (¢) in
§ II1.2.1). Additionally, the modal functionals for |¢| > R are sufficient (in light of
Lemma 5) as they yield the sufficient decay 2 u(R) and the sufficient multiplicative
constants sup ¢ > g €(§) = sup|g|<g ¢(§) = (1 +2R)/(1 -2 R). In analogy to § 1.2
the decay stated in Proposition 5 results from the global functional

o= [ IS g de s [ 196N, de

As our final result, we shall consider an alternative modal functional for the GT
equation on R that translates into a convenient representation in the spatial variable.
The trade-off is a less accurate global decay estimate.

The result of Proposition 5 was based on the modal Lyapunov functional || - ||2P(§)

for large modes and || - for small modes. Now, we replace both functionals

” (2)({:)

I% . with the positive definite Hermitian matrix

by the single norm || - Be)
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| _2ié

~ 2

H@:(Hf Tf),f¢m (73)
1+4 £2

which asymptotically approximates the matrices from (54) which yield sharp modal
decay. For the off-diagonal matrix elements we have

Pra@©-PR© =0 (PR ) as 1€ -+,
Po@-PR @ =0 (PR @) as l-0.
It satisfies the matrix inequality (12) with P = P(¢) and the spectral gap u replaced by
1 1
A@ =5 (1- .
2 ( VI+4£2(1+482)

The rate 2 (i(£) is an approximation to the sharp decay rate 2 u(¢) of fifth order for
modes ¢ close to 0, see Fig. 7. The condition number of P(¢) is given by

A
05| -
0al H& | T
0"”
o"~
03[ S acs)
K
5
g
02} a
K
5
;
i
01l s
.
5
s=£
d L L L L L L -
0.5 1.0 15 2.0 25 30

Fig.7 Exponential decay rate i in comparison to the sharp exponential rate y, shown as functions
of the spatial frequency s = |£].
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1+2&) +4&2
= cond (P —_— 74
2@ = cond (@) 1= 15 o (74)

and hence we arrive at the modal decay estimates for & # 0:
I9(, O < e(&) e A 50,617, 12 0. (75)

We define the global Lyapunov functional

= [ 1503, de

As we shall see now, this can be rewritten in x-space (without resorting to the
&-modes) in terms of a fairly simple pseudo-differential operator, similar to the
functional Eg[y] from Definition 1. Moreover, it is easily related to the functional
H;[y] from § I.1: on the symbol level it holds that functional H3 (&) = 2H;(2&,6 =
1), see (73), (55).

Proposition 6

a) For u, v € L2(R), the functional H3 can be expressed as
-1
Hs[u,v] = ||u||iz(R) + ||v||iz(R) - 4/Ru(x) O (1-402) v(x)dx.

b) Let y := (u,v)T € C([0, »); (L2 (R))z) be a mild real valued solution to (49)
with o = 1 and initial datum ug, vo € L'(R) N L?(R). Then, the functional Hs
yields the decay estimate

Iyt )

< mff 1 (E2RA min {2 R, 7 | 150l gy +3 €270 lyola gy )
O<R<———

Proof With Plancherel’s identity it follows that

/||)’(§)||P(f) dé = ”u”iz(R)-'-”V”]}(R) +2Re (/2,5 2(£) (j)§2 df)

-1
= R gy + 91 gy =4 f ) 0,1 = 408) (o) .

To prove the decay estimate, we apply Lemma 5 to (75). The multiplicative con-
stant ¢(¢) from (74) is monotonously increasing for ¢ € [0,1/2] to its global
maximum cond (P(1/2)) = 3. For the integral in (47) with &(¢), we estimate

/ &(€) e 2O dg < &(R) e E &)1 ge
[£1<R

|£1<R
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with

(@) = —[1- 1
& VI+4€2(1+482)

One easily sees that @ has a local minimum at ¢ = 0 with a(0) = (&) = 1,
£ = («/5— 1) /4~ 03, ie for0 < R < (V5 - 1)/4 it holds that (&) > 1 for all

€] < R. Thus, for 0 < R < (V5 —1)/4 and ¢ > 0, the desired result follows. m]
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